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Influence of cooling rate on deformation due to

effective stress in a solidifying alloy
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The relative volume rate at a local volume element, div VS
′, that is used to evaluate the

deformation in the two-phase zone of a solidifying alloy, is dependent on history of the
effective stress. In a model of unidirectional solidification, the variation of the effective
stress with x-direction or time at the fast cooling rate is larger than the one at the slow
cooling rate. The different relative volume rates due to the inhomogeneous cooling rates
produce deformation mismatch among the various volume elements in an ingot. It is
suggested that accumulation of the deformation mismatch gives rise to thermal residual
stain and stress, and hot-tearing tendency in the ingot. The effective stress may be residual
in the solidified alloy if it is less than the strength of the alloy itself at the fast cooling rate,
and may be relaxed by the deformation of the two-phase zone and play a role in forming
the channel space filled with the unstable flow at the slow cooling rate. C© 2000 Kluwer
Academic Publishers

Nomenclature
aE constant in Equation 15b
A viscosity constant
bEx constant in Equation 15b
bLx constant in Equation 15a
Ca local average concentration (wt %)
CS local solid concentration (wt %)
CL liquid concentration (wt %)
E elastic modulus (GPa)
gL volume fraction liquid
gS volume fraction solid
1GVIS Activation energy of viscosity
k equilibrium partition ratio
m solid-solid contact coefficient
mL liquidus slope (K/wt %)
p pressure (kPa)
p0 ambient pressure (kPa)
q constant in Equation 15
R gas constant
t time (s)
T temperature (K)
TE solidus temperature (K)
TL liquidus temperature (K)
Ub volume of an element in two-phase

zone (m3)
VL liquid velocity in two-phase zone (m s−1)
VS solid velocity in two-phase zone (m s−1)
VS
′ solid velocity weighing bygS (m s−1)

xE position of the eutectic isotherm
xL position of the liquidus isotherm

Greek Symbols
α compressibility coefficient (N−1 m2)
β solidification shrinkage
γ strain
ε cooling rate (K s−1)
η viscosity (Pa s)
ρa average density (kg m3)
ρL liquid density (kg m3)
ρS solid density (kg m3)
σ total stress (kPa)
σ ′ effective stress (kPa)
σ ′E effective stress due to elastic behavior (kPa)
σS solid stress (kPa)
σ ′V effective stress due to viscous behavior (kPa)

1. Introduction
Solidification shrinkage and contraction(or expansion)
always exist in a solidifying alloy, and may result in
such solidification defects as thermal residual strain
and stress, segregation, and hot tear, which also re-
lated to the alloy composition and the solidification
conditions. Normal solidification processing is carried
out at elevated temperature and thermal residual stress
etc. are generated as the alloy is cooled from the pro-
cessing temperature. These defects occur in as-cast in-
gots as well as in advanced materials such as com-
posites [1, 2]. Prediction of thermal residual strain and
stress, segregation, and hot tear is of great importance
for evaluating and designing the various properties of
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materials. Deformation of the two-phase zone during
solidification results in these defects, and it is necessary
to develop models for understanding the deformation
mechanism.

In his analysis of hydrostatic tensions in solidifying
materials, Campbell [3, 4] proposed that various models
for the evaluation of the negative pressures which may
occur in the solidifying materials which exhibit various
deformation modes: elastic-plastic, Bingham, viscous,
or creep flow. For metal alloys, the solution of the creep
flow model seems to be more reliable than that of the
elastic-plastic one. The solidification rate was consid-
ered since this critically affects both the flow of the liq-
uid and the creep of the solid, and the very high stresses
predicted by the spherically symmetric creep model are
a direct consequence of the very high solidification rate
as freezing nears completion in a sphere. The experi-
mental and theoretical studies of solid movement and
deformation in the two-phase zone were carried out by
Flemings and Rosenberget al. [5–7]. The fraction solid
at which the dendrites form a cohesive network, and at
which the network begins to develop some strength, de-
pends on dendrite size and morphology, but a number
of studies in different alloys show it to be in the range
of about 0.1 to 0.2 and occasionally higher. Above 0.2
fraction solid, shear strength increases with increasing
fraction solid, and is found also to increase somewhat
with increasing strain rate and with increasing grain
size. In well grain-refined alloys, strength does not be-
gin to develop until 0.4 fraction solid. The developing
strength of the solid network can cause localized strains
with resultant formation of highly segregated regions,
or open hot tears. When metal can no longer mass feed
to the hot spot in a casting, the contraction strains pull
the solid dendrites apart at this location. If the cast-
ing is well fed, there is now a stage when liquid flow
between the separating dendrites to heal the incipient
tears, and regions of segregation result. As solidifica-
tion proceeds, a time is reached when liquid can no
longer flow to compensate for the strain. At this stage,
if the strain continues, open fractures result which are
termed hot tears. Alternately, the casting might develop
enough strength at this point to resist tearing. Resistance
to hot-tearing is related to the alloy composition. Min-
imum resistance to hot-tearing is found in many alloys
at compositions intermediate between the pure metal
and a eutectic composition. Another factor affecting
hot-tearing resistance is grain size: the finer the grain
size, the greater the resistance.

The cooling rate is a parameter that is often used
to describe the as-cast microstructure, especially the
primary and the secondary dendrite arm spacing, and
the solidification rate and temperature gradient across
the solidifying interface are the parameters which actu-
ally describe the morphology of the interface growth,
the local solute diffusion, and kinetic processes [7–9].
The influence of cooling rate on interdendritic fluid
flow in the two-phase zone was investigated: when
isotherms move fast at a large cooling rate such as
greater than 10−1◦Cs−1, the siphonic force due to solid-
ification shrinkage mainly results in the interdendritic
flow and gravity acting on a fluid of variable density
cannot play an effective role so that natural convection

in the mushy zone is not evident; with decreasing the
cooling rate, movement of the isotherms is gradually
getting slow, and the gravity force can change the flow
direction and cause the back-flow due to natural [10].
Modeling of thermal residual strain and stress and hot-
tearing tendency in a solidifying alloy has been carried
out in recent years. Criteria based on the difference
in cooling rate between the surface and the center of
a solidifying ingot and based on the level of tensile
stress (normalized by dividing the computed stress by
the yield stress for the local temperature) were used
to predict conditions and locations likely to hot tear to
form radial cracks [11, 12]. Kimet al. [13] proposed
that solidification contraction, which is related to a lin-
ear coefficient of thermal expansion, for deformation
analysis of an aluminum alloy is proportional to the
local solidification time; when the same solidification
contraction was input for all meshes in analysis, the
casting did not show inward deformation, while differ-
ent solidification contraction with location in the cast-
ing was input the casting did. It should be pointed out
that the definition of solidification contraction is not
very clear, e. g, the relationship between solidification
contraction and solidification shrinkage.

The purpose of this paper is to investigate the ef-
fect of cooling rate during solidification on the thermal
residual strain and stress and the hot-tearing tendency
on the basis of the effective stress analysis. The con-
cept of the effective stress stems from a new approach
to the local solute redistribution equation [14]. In the
following sections, the theoretical models will be de-
scribed first, that includes: (1) the modified local so-
lute redistribution equation, (2) relationship of the new
term disV ′S in the equation with the effective stress, and
(3) the model for calculating the effective stress. For
given solidification model, the effect of cooling rate on
deformation of the two-phase zone will be discussed on
the basis of the calculated results under the two cooling
conditions.

2. Theoretical models
2.1. The modified local solute redistribution

equation
The basic equation for describing the effect of solid
movement on solute redistribution is developed on the
basis of models of continuum approach to a porous
media. Assumptions for the original local solute redis-
tribution equation are as follows [15, 16]. (1) A small
volume element in the two-phase zone is large enough
that the fraction solid within it any time is exactly the
local average, but small enough that it can be treated
as a differential element. (2) There is no movement of
the solid phase into or out off the element. (3) Solute
enters or leaves the element only by liquid flow to feed
shrinkage. (4) Mass flow in or out of the element by dif-
fusion is merged into the fluid flow. (5) Solidification
occurs with equilibrium at the solid-liquid interface so
that there is no undercooling, and the rate of solidi-
fication is controlled only by the rate of heat transfer
and convection within the two-phase zone. (6) the lo-
cal temperature and the composition of the solid at the
interface are specified by the local composition of the

5780



liquid. (7) Diffusion in the solid is negligible. (8) Solid
density is constant. (9) No pore forms during solidifi-
cation.

The research in this paper is based on relaxing the
assumption (2) and (3), that is, movement of the solid
phase in the two-phase zone , and solute into or out of
the element by solid movement as well as by liquid flow
will be considered. For solidification occurring in each
volume element treated as porous medium, where liquid
flow and solid movement occur through and in it, the
mass conservation equation and the solute conservation
equation should be given as, respectively:

∂ρa

∂t
= −∇ · (ρaV) (1)

and

∂(ρaC)

∂t
= −∇ · (ρaCaV) (2)

whereρa is average density (=gLρL+gSρS), gL andgS
are volume fraction liquid and volume fraction solid,
respectively,ρL and ρS are liquid and solid densi-
ties, respectively,t is time, V is velocity of the two-
phase zone,C is concentration, andCa is local average
concentration (=gLCL + gSCS), CL and CS are liq-
uid and solid concentration, respectively. Combining
Equations 1 and 2 provides a new expression for solute
redistribution under the conditions of all other assump-
tions for the original local solute redistribution equation
except for changing the assumptions (2) and (3) [14]:

1

gL

[
∂gL

∂t
−div(gSVS)

]
=−1−β

1−k

(
1+VL−∇T

ε

)
1

CL

∂CL

∂t

(3)

whereVL andVS are liquid and solid velocities in the
two-phase zone, respectively,β is solidification shrink-
age (= −(ρL−ρS)/ρS), k is equilibrium partition ratio,
ε is cooling rate, andCL is liquid concentration.

Equation 3 is a new equation considering
solid movement in the two-phase zone, in which
the term 1/gL[∂gL/∂t-div(gSVS)] replaces the one
1/gL(∂gL/∂t) in the original local solute redistribution
equation. In the left side of Equation 3,∂gL/∂t is the
local derivative that expresses the rate of change ofgL
with time at a fixed point of the two-phase zone, and
div(gSVS) is a new term.VS is velocity of solid move-
ment (or deformation) at the point of the two-phase
zone, andgSVS can be regarded as the solid velocity
weighted by volume fraction solid at the point. For con-
venience, there is:

VS
′ = gSVS (4)

For a two-phase zone treated as porous medium, a vol-
ume of element of the two-phase zone isUb and velocity
of the solid network in the element isVS

′. According to
the concept of total derivative, there is:

div VS
′ = 1

Ub

dUb

dt
(5)

that is, the term divVS
′ is defined as relative volume

rate at a local volume element. The method proposed

by Bear [17] is used to deal with the relation ofVS
′ to

the effective stress. The term divVS
′ is dependent on

history of the effective stress acting on the solid phase
of the two-phase zone:

div VS
′ = −αdσ ′

dt
(6)

whereα is compressibility coefficient, andσ ′ is the
effective stress.

2.2. The effective stress
The total load of the liquid-solid phase zone is balanced
by interparticle stress in the solid phase and by pres-
sure in the liquid phase according to Terzaghi’s theory
[17, 18]. For contact areas of the solid and liquid phases
with each other, there is:

σ = (1−m)p+mσS (7)

whereσ is total stress,p is pressure, andσS is solid
stress, andm is solid-solid contact coefficient. The ef-
fective stress acting on the solid phaseσ ′ is defined
as:

σ ′ = mσS (8)

In the above equations, a positive pressure (p > 0)
means compression. Similarly,σ andσ ′ are taken as
positive in the equations when they are compressive
stresses.

The effective stressσ ′ is dependent on the solid-solid
contact coefficientm, that is dependent on the volume
fraction solid for a certain casting structure such as
equiaxed grain. WhengS is small such as less than
0.2, the solidification of an alloy lies in the stage of
mass feeding, in which there is little contact among the
solid-phase grains in the two-phase zone, andm seems
to be zero. With increasing the volume fraction solid,
the contact among them increases and the value ofm
is enhanced. WhengS is equal and more than 0.2, the
value ofm is:

m≡ gn
S (9)

wheren = 2∼ 3.
For simplicity, the effective stress acting on the solid

phase merely results fromin situ solidification shrink-
age in the solidifying alloy. So-calledin situsolidifica-
tion shrinkage means that the deformation of the two-
phase zone results from not an external load but the
solidification shrinkage itself. Solidification shrinkage
β can be evaluated with the liquid and solid densities
during solidification:

β = −ρL − ρS

ρS
(10)

where ρL is liquid density andρS is solid density.
Sinceβ is a volume contraction percentage, the linear
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strainγ due to solidification shrinkage should approx-
imately be:

γ ∼= 1

3
β (11)

The two-phase zone during solidification is generally
regarded as a body with visco-elastic-plastic behavior.
The incorporation, however, of viscous process into a
model of the formation process leads to a great increase
in the complexity of the problem. For simplicity, the fol-
lowing discussion concentrates on the simple treatment
that considers the two-phase zone as the Kelvin body
with visco-elasticity [19, 20], that is:

σS = ηγ̇ + Eγ (12)

whereη is viscosity, andE is elastic modulus. Substi-
tuting Equation 12 into Equation 8, the effective stress
acting the solid phase of the matrix is:

σ ′ = m(ηγ̇ + Eγ ) (13)

3. The solidification models
The solidification model here is schematically shown in
Fig. 1, where there are insulated walls on the top and the
bottom, and a water-cooled chill mold or a sand mold at
each side. The different side molds result in two cool-
ing rates during solidification. Table I represents the

TABLE I Cooling rates at different time and positions

Cooling rate (K/s)

sand mold wall water-cooled chill
dimensionless
time surface center surface center

0.0 1.1 0.0 6.4 0.0
0.2 0.85 0.45 6.3 0.72
0.4 0.76 0.50 6.16 0.90
0.7 0.63 0.55 5.96 1.10
1.0 0.60 0.58 5.40 2.92

Figure 1 Schematic representation of solidification model of a plane
casting.

relation of the cooling rates at the ingot surface and
centerline with dimensionless timeτ , that is defined
as ratio of timet to the final solidification timet f un-
der the each cooling conditions. For the solidification
model of Al-4.5wt%Cu alloy with two-dimension size
of 100 mm(height)× 80 mm(width), the final solidi-
fication times of the plane castings are 84 sec. for the
chill mold and 1245 sec. for the sand mold, respectively.
Thermophysical properties of the Al-Cu alloy is listed
in Table II. Fig. 2 shows liquid and solid densities of
the alloy, which are used to calculate the strain due to
in situsolidification shrinkage.

The temperature field and the positions of the liq-
uidus and the eutectic isotherms for the solidification
models are given by [16]:

T(|x|, t) = TE+ (|x| − |xE|)
(|xL | − |xE|) (TL − TE) (14)

|xL(t)| = L

2
− bLxtq (15a)

and

|xE(t)| = L

2
− bExtq − aE (15b)

whereT is temperature,TL is liquidus temperature,TE
is eutectic temperature,xL is position of the liquidus
isotherm,xE is position of the eutectic isotherm,L is
length of the ingot, andaE, bLx, bEx, andq are constants
in Equation 15, respectively.

The viscosity and the elastic modulus are mainly de-
pendent on temperature. The temperature dependence
of the viscosity may be described by [21]:

η = Aexp

(
1GVIS

RT

)
(16)

TABLE I I Thermophysical properties of Al-4.5% Cu alloy

compressibility coefficient (N−1m2) 1.45× 10−9; [17]
liquidus slope of binary diagram (K/wt %) −3.4
partition ratio 0.172
liquidus temperature (K) 918.0
melting point of pure solvent (K) 933.0
latent heat (J kg−1) 3.89× 105

specific heat (J kg−1K−1) 1.04× 103

Figure 2 Liquid and solid densities of Al-Cu alloy [15].
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Figure 3 Elastic modulus during solidification of Al-Cu alloy.
E= 17.5GPa at solidus.

where A is viscosity constant,T is absolute temper-
ature,R is gas constant, and1GVIS is activation en-
ergy of viscosity. The viscosity increases with decreas-
ing temperature from Equation 16. The elastic modulus
also has a similar variation with temperature. The vari-
ation of E as a function of volume fraction solid is
plotted in Fig. 3.

4. The effective stress distributions
at different cooling rates

A viscous element and an elastic element are connected
in parallel for the Kelvin model in Equations 12 and 13.
The response of this model to an applied stress is that the
stress is at first carried entirely by the viscous element.
Under the stress, the viscous element then deforms, thus
transferring a greater and greater portion of the load
to the elastic element [22]. The model approximately
represents the deformation behavior of the two-phase
zone of a solidifying alloy, that is, the viscous behavior
is mostly exhibited in the early stage of solidification,
and the elastic behavior gradually rises as solidification
proceeds. Thus, Equation 13 can be turned into:

σ ′ = σ ′V + σ ′E (17)

whereσ ′V is the effective stress due to the viscous be-
havior, andσ ′E is the effective stress due to the elastic
behavior.

Figure 4 Dependent of the effective stress on dimensionless time at the surface and the centerline of the casting: (a) sand mold wall, (b) chill wall.

Using the chain rule and combining Equations 10 and
11, the strain rate dγ /dt in Equation 13 can be written
into:

γ̇ = −mL

3ρS

dρL

dCL
ε (18)

wheremL is liquidus slope of the alloy binary diagram,
andε is cooling rate during solidification. It is assumed
for Equation 18 thatρS is regarded as a constant and
dρL/dCL is the slope of the curve in Fig. 2 if the liq-
uidus curve is treated as a straight line. Using the above
equation, the viscous element of Equation 13 can be
calculated with:

σV
′ = −mmLη

3ρS

dρL

dCL
ε (19)

The strain rate and the viscous element of the effective
stress are related to the cooling rate from Equations 18
and 19.

The relations of the effective stressσ ′ with the di-
mensionless timeτ at the two cooling rates are shown
in Fig. 4. The effective stress at the surface is always
larger than that at the centerline. The difference, how-
ever, between the stresses at the surface and the cen-
terline changes with cooling rate of the solidification
model. For the sand mold, the difference is small in
Fig. 4a since the difference of cooling rate throughout
the casting is not large. For the water-cooled chill cast-
ing, the stress at the surface is obviously larger than that
at the centerline since the cooling rates are quite differ-
ent and solidification at the surface occurs before that
at the centerline. Fig. 5 shows the effective stress dis-
tributions from the center to the surface atτ = 0.6. the
stress gradient alongx-direction for the water-cooled
chill is greater than the one for the sand mold.

A fluid moving relative to a solid boundary exerts a
force on the boundary. This force results from two fac-
tors. The first is shear stress due to viscosity and velocity
gradient at the boundary surface which gives rise to a
force tangential to the surface. The second is a pressure
variation along the surface that acts normal to the sur-
face. Moreover, the stress is also resolved into a shear
force and a normal force, which exist simultaneously
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Figure 5 The effective stress distributions of sand mold wall and chill
wall castings alongx direction.

in the solid phase. Shear strain due to the shear stress
and normal strain due to the normal stress, which are
indicated with not partial derivative but total derivative
in Equations 5 and 6, make the solid-phase deformation
in the two-phase zone complicated. In order to simplify
the problem, the normal strain is merely discussed here.
The effective stress acting on the solid phase may also
be resolved into shear and normal components relative
to isotherms in the two-phase zone, e. g., liquidus and
solidus. The normal strain in the two-phase zone re-
sults from the normal component of the effective stress.
Though this assumption should be considered as an ap-
proximation, the main feature of the solid-phase defor-
mation may be emphasized. When the normal strain is
merely taken into consideration, Equation 5 becomes:

div VS
′ = 1

Ub

∂Ub

∂t
(20)

For the solidification model as shown in Fig. 1, the iso-
bars of normal stress and contours of constant normal
strain are parallel to the chill wall (i. e.,y direction)
since the liquidus and solidus isotherms are, in turn,
almost parallel to the chill wall.

5. Discussion
5.1. Interdendritic fluid flow at different

cooling conditions
In order to analyze the effect of solid-phase deformation
on interdendritic fluid flow, multiplying Equation 3 by
∂t/∂T gives:(
∂gS

∂t
+ div VS

′
)
∂t

∂T
=
(

1−βgL∂CL

1− kCL∂T

)(
1+ VL−∇T

ε

)
(21)

The quantity inside the first bracket on the right side of
the equation is always negative, regardless of the value
of k > 1 or k < 1. According to earlier investigators
[15], the different cooling conditions of an ingot can
cause three modes of fluid flow in the two-phase zone,
i.e., stable flow, intermediate flow, and unstable flow,
which are determined by the value of (VL −∇T)/ε: the

stable flow at (VL −∇T)/ε > 0 and the unstable flow
at (VL −∇T)/ε < −1.

If the normal strain is only taken into account, sub-
stituting Equation 20 into the left side of Equation 21:(

∂gS

∂t
+ div VS

′
)
∂t

∂T
= ∂gS

∂T
+ 1

Ub

∂Ub

∂T
(22)

With decreasing temperature, the volume of the two-
phase zoneUb decreases for the most metals and, so
the term∂Ub/∂T is, as a rule, larger than zero.

When (VL −∇T)/ε > 0, the right side of Equa-
tion 21 is less than zero, and there is:

∂gS

∂T
< − 1

Ub

∂Ub

∂T
(23)

or

∂gS

∂T
< 0, and,

∣∣∣∣∂gS

∂T

∣∣∣∣ > 1

Ub

∂Ub

∂T
(24)

Equation 24 shows that the volume fraction solid in-
creases with decreasing temperature and the variation
of the volume fraction solid due to the solid-phase de-
formation cannot play an effective role, that is, the term,
1/Ub(∂Ub/∂T) can not make the left side of Equa-
tion 21 less than zero. So, the flow remains stable.

When (VL −∇T)/ε < − 1, the right side of
Equation 21 is greater than zero, and there is:

∂gS

∂T
+ 1

Ub

∂Ub

∂T
> 0 (25)

Equation 25 indicates that the unstable flow may result
from two terms:∂gS/∂T and 1/Ub(∂Ub/∂T). Since the
term 1/Ub(∂Ub/∂T) is always positive during solidifi-
cation, there are two cases for the value of∂gS/∂T :

(1) −1/Ub(∂Ub/∂T)<∂gS/∂T ≤ 0, that is, it is still
∂gS/∂T ≤ 0, and this means that the unstable flow in
the two-phase zone results from the solid-phase defor-
mation, that is, only the term 1/Ub(∂Ub/∂T) makes the
left side of Equation 20 greater than zero;

(2) ∂gS/∂T > 0, and the unstable flow can result
jointly from the effective stress and the gravity force
acting on a fluid with various density.

When the cooling rate is large and the solidifying
isotherm moves fast, there is not enough time to produce
the strain if the effective stress is less than the strength
of the solidifying alloy itself. This is the case as shown
with Equation 24. It should be noted that a residual
stress may be left in the solidified ingot though no strain
occurs. With decreasing the cooling rate and slowing
the movement of the isotherm, the effective stress may
be relaxed by the deformation of the two-phase zone,
and plays a role in forming the “channel space” filled
with the unstable flow [14, 15]. The velocity distri-
butions of interdendritic fluid flow can be calculated
on the basis of the local solute redistribution equation,
velocity equation, and pressure equation [14]. Fig. 6
shows the calculated velocity profiles in the two-phase
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Figure 6 Calculated velocity profiles in the two-phase zone with: (a) chill wall, (b) sand wall without action of the stress, and (c) sand wall with
action of the stress.

zone of the alloy under the two different cooling con-
ditions, i.e., the chill wall and the sand mold wall. For
the chill wall, the fluid flows counter to the movement
of the isotherm, Fig. 6a. For the sand mold wall, it can
be seen by compared Fig. 6b and c that the effective
stress may strengthen the back-flow towards the ingot
centerline.

5.2. Deformation mismatch
In order to interpret the season why inhomogeneous
distributions of cooling rate in a solidifying alloy result
in thermal residual stress, we turn Equations 5 and 6
into:

div VS
′ = 1

Ub

dUb

dt
= −αdσ ′

dT
ε (26)

Fig. 7 shows the distributions of divVS
′ alongx direc-

tion at two different time. As mentioned above, the term

Figure 7 The distributions of relative volume rate at two different di-
mensionless time.

divVS
′ means the relative volume rate at a local volume

element. Two neighboring local volume elements of the
solidifying alloy are shown in Fig. 8a. So-called defor-
mation mismatch means the difference of the relative
volume rate between the two neighboring local vol-
ume elements due to the different cooling conditions.
No deformation mismatch, on the other hand, occurs
between the two neighboring local volume elements
if their relative volume rates are equal. So, the defor-
mation mismatch is a parameter similar to not strain
but strain rate. It can be seen from Equation 26 and
Fig. 7 that the different relative volume rates due to the
different cooling rates result in the deformation mis-
match among the various volume elements. The greater
the difference between the cooling rate distributions,
the greater is the deformation mismatch is. The mis-
match for the model with the water-cooled chill is larger
than that with the sand mold wall. It is suggested that
the deformation mismatch give rise to thermal residual
stress in a solidifying alloy when the mismatch is not
relaxed.

In Fig. 8a, the deformation mismatch of the two el-
ements results from their different cooling rates. The
relative volume rate is related not to the value of the
effective stress itself but to the variation of the effective
stress with time according to Equation 6. The defor-
mation mismatch produced by the cooling conditions
at every time interval is small, and a part of it may be
relaxed at the early stage of solidification. The forma-
tion, however, of thermal residual stress is an accumu-
lation of the mismatch with time. The accumulation
starts from the solidification stage. So, the deformation
mismatch both during and after solidification should be
considered in analysis of the thermal residual stresses
of a material in the solidification processing. If the ma-
terial of the two volume elements in Fig. 8b is different,
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Figure 8 Comparison of unreinforced alloy and reinforced alloy:
(a) the mismatch is from cooling conditions of neighboring elements
with the same alloy, and (b) the mismatch is from both different property
and cooling conditions of the neighboring elements with the different
materials.

e.g., at reinforcement/matrix interface of a composite,
the mismatch may result from the different thermal
properties of the two elements as well as the cooling
rates.

6. Conclusions
1. The term divVS

′, defined as the relative volume rate
at a local volume element, is used to evaluate the de-
formation in the two-phase zone of a solidifying alloy.
The term is dependent on history of the effective stress
acting on the solid phase. On the basis of Equation 26
in which the term is related to cooling rate during so-
lidification, it is easy to discuss the effect of the cooling
rate on the deformation in the two-phase zone.

2. The difference between the stresses at the surface
and the centerline changes with the cooling rate of the
solidification model. For the sand mold, the difference
between the stresses at the surface and the centerline is
small since the difference of cooling rate everywhere
is not large. For the water-cooled chill, the stress at
the surface is larger than that at the centerline since the
cooling rates are very different and solidification at the
surface is prior to that at the centerline.

3. When the cooling rate is large and the solidify-
ing isotherm moves fast, there is not enough time to
produce the strain if the effective stress is less than
the strength of the solidifying alloy itself. It should be
noted that a residual stress may be left in the solidi-
fied ingot though no strain occurs. With decreasing the
cooling rate and slowing the movement of the isotherm,
the effective stress may be relaxed by the deformation
of the two-phase zone and play a role in forming the
“channel space” filled with the unstable flow. For the
chill wall, the fluid flow is contrary to the movement

of the isotherm in the direction, and for the sand mold
wall, the effective stress may strengthen the back-flow
towards the ingot centerline (Fig. 6).

4. So-called deformation mismatch means the differ-
ence of the relative volume rate between the two neigh-
boring local volume elements due to the different cool-
ing conditions and is a parameter similar to not strain but
strain rate. It can be seen from Equation 26 and Fig. 7
that the different relative volume rate due to the dif-
ferent cooling rates result in the deformation mismatch
among the various volume elements. The greater the
difference between the cooling rate distributions is, the
greater the deformation mismatch is. The mismatch for
the model with the water-cooled chill is larger than that
with the sand mold wall. Formation of thermal residual
stress is an accumulation of the mismatch with time. It
is suggested that the deformation mismatch give rise to
thermal residual stress in a solidifying alloy when the
mismatch is not relaxed.
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